Some questions on Square and Cube Formulae

Yue Kwok Choy
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1. Factorize

2. If x’-y' =217,

(@ x +2x-12
(b) 1+x+4x°
(c) x'+64

solve x,y where X,y areintegers.

3. Find the value of 33+£\/§+3 3—H Z .
3V3 3V3

Answers:

L (@ x+2x-12=(x-8)+(2x-4)=(x —2)(x* + 2x +4)+2(x - 2)

() 1+x+4x> = (1+8x7 )+ (x —4x? )= (1+ 2x )1+ 2x + 4x* )+ x(1 - 4x?)

= (x-2)(x* +2x+4)+2] =(x-2)x>+2x+6)

= (1+2x 1+ 2x +4x )+ x| = (14 2x)(1 +3x + 4x7)

© x'+64= [();2)2 +16x> + 64]—16x2 = (x> + 4] - (4x)

2. x’ -y =217

=(x2 +4X+4XX2 —4X+4)

(x—y)(x2 +Xy+y2):1><217:7><31

There are several cases, here we consider only

()

X*+xy+y =31 ..(2)

The other cases have no integral solutions.

From (1),

BN2),

y=x-17 ....(3)
x* +X(X—7)+(X—7)2 =31

x2+x? —Tx+x*—14x +49 =31
3x2=21x+18=0



x> =7x+6=0
(x—l)(x—6):0

x=1 or 6

When x=1, from(3), y=-6
When x=6, from(3), y=-1
(x,y)=(1,-6) or (6,—1).

3. Method 1

—13f3+E — y=13f3—1—31\/§

Then

And
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We then like to find t=x+y.

Xy =(x+ y)(x2 — Xy + yz) Or start with
X +y = (X + y)[(x2 +2xy + yz)— 3xy] (x + y)3 =x’ +3x’y+3xy’ +y’
X +y = (X + y)[(x + y)2 - 3xy] (x + y)3 =X’ +y + 3xy(x + y)
By (1) and (2), By (1) and (2),
6:t{t2—3xl} £ = 64+3x+t
3 3
6=t —t Lt —-t-6=0
Lt —-t-6=0
Now, t —
(e 8)
(t-2)t +2t+4) ~2)=0
(t-2)t> +2t+3)=0
: t=2 (t* +2t+3=0 has no real solution since A =2?— 4(3)< 0)
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Method 2
We would like to find a, b (\/E is real surd) such that

3+131 3 —fa+4b) =a’+3a2b+3ab+bb ... (1)
3—1—31 %:(a—JB)”za3—3a2 b+3ab-bvb ... (2)

Obviously, Jb = \E, or b :§ is a good choice.

(D) +(2), 2a’ + 6ab =6
2a3+6a(gJ:6
3
a’+2a-3=0
(a3 ) 2a-2)=0
(a— 1(a2+a+1)+2a—1:
(a—1)a’>+a+3)=0
a=1 (a> +a+3=0 has no real solution since A=17-4(3)<0)
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